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Chiral symmetry breaking in quenched massive strong-coupling four-dimensional QED
Frederick T. Hawes
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Anthony G. Williams
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(Received 14 October 1994)
We present results from a study of subtractive renormalization of the fermion propagator Dyson-
Schwinger equation (DSE) in massive strong-coupling quenched four-dimensional QED. The results
are compared for three difFerent fermion-photon proper vertex An80tze: bare p, minimal Ball-Chiu,
and Curtis-Pennington Anscitze. The procedure is straightforward to implement and numerically
stable. This is the first study in which this technique is used and it should prove useful in future
DSE studies, whenever renormalization is required in numerical work.
PACS number(s): 11.30.Rd, 11.30.Qc, 12.20.Ds
I. INTRODUCTION
Strong-coupling QED in three space and one time di-
mension has been studied within the Dyson-Schwinger
equation (DSE) forinalism for some time [1—3], in order to
see whether there may be a phase transition to a nontriv-
ial "local" theory at high momenta [2,4—6], as a model for
dynamical chiral-symmetry-breaking (DCSB) in walk-
ing technicolor theories [7,8], and also as an abelianized
model for nonperturbative phenomena in QCD [9,10].
For a recent review of Dyson-Schwinger equations and
their application see Ref. [11]. The usual approach is to
write the DSE for the fermion propagator or self-energy,
possibly including equations for the photon vacuum po-
larization [12,13] or the fermion-photon proper vertex
[1]. An Ansatz is made for the undefined Green's func-
tions that contain the infinite continuation of the tower
of DSE's. The resulting nonlinear integral equations are
solved numerically in Euclidean space [14] by iteration.
DCSB occurs when the fermion propagator develops a
nonzero scalar self-energy in the absence of an explicit
chiral-symmetry-breaking (ECSB) fermion mass. We re-
fer to coupling constants strong enough to induce DCSB
as supercritical and those weaker are called subcritical.
We write the fermion propagator as
Z(p2) 1
P —M(p') A(p') & —B(p') '
with Z(p2) the finite momentum-dependent fermion
renormalization, and B(p2) the scalar self-energy. In the
massless theory (i.e. , in the absence of an ECSB bare elec-
tron mass) by definition DCSB occurs when B(p2) g 0.
Note that A(p ) = 1/Z(p ) and M(p ):—B(p )/A(p ).
Many studies, even until quite recently, have used the
bare vertex as an Ansatz for the one-particle irreducible
(1PI) vertex I'"(k, p) [2,4,5,8,9,12,13,15], despite the fact
that this violates the Ward-Takahashi identity (WTI)
[16]. It is also common, especially in studies motivated
by walking technicolor theories [7], to find vertex Ansatze
which claim to solve the WTI, but which still possess
kinematic singularities in the limit of zero photon mo-
mentum q = (k —p)2 -+ 0 [17,18]. With any of these
Ansatze, the resulting fermion propagator is not gauge
covariant, i.e., physical quantities such as the critical cou-
pling for dynamical symmetry breaking, or the mass it-
self, are gauge dependent [17]. A general form for I'"(l'c, p)
which does satisfy the Ward identity was given by Ball
and Chiu in 1980 [19]; it consists of a minimal longitu-
dinally constrained term which satisfies the WTI, and a
set of tensors spanning the subspace transverse to the
photon momentum q.
Although the WTI is necessary for gauge invariance, it
is not a sufBcient condition; further, with many of these
vertex Ansatze the fermion propagator DSE is not mul-
tiplicatively renormalizable, which is equivalent to say-
ing that overlapping logarithms are present. There has
been much recent research on the use of the transverse
parts of the vertex to ensure both gauge covariant and
multiplicatively renormalizable solutions [20—28], some of
which will be discussed below.
What is common to essentially all of the studies so far
is that the fermion propagator is not in practice subtrac-
tively renormalized. Most of these studies have assumed
an initially massless theory and have renormalized at the
ultraviolet cuto8' of the integrations, taking Zi —Z2 —1.
Where a nonzero bare mass has been used [6,12], it has
simply been added to the scalar term in the propagator.
Although there have been formal discussions of the renor-
malization [5,6,23,26], the important step of subtractive
renormalization has not been performed.
We describe here the results of a study of subtractive
renormalization in the fermion DSE, in quenched strong-
coupling four-dimensional QED (QED4). (In the con-
text of this study of QED, the term "quenched" means
that the bare photon propagator is used in the fermion
self-energy DSE, so that Z3 —1. Virtual fermion loops
may still be present, however, within the vertex correc-
tions. ) We believe this is the first calculation in which
the subtraction is performed numerically as the inte-
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gral equations are being iterated. This new technique
should prove useful in other DSE studies. Results are ob-
tained for DSE with three diferent vertices: the bare p~,
the minimal Ball-Chiu vertex form [19], and the Curtis-
Pennington vertex [23—26].
Organization of the paper is as follows. The DSE for
the renormalized fermion propagator, and Ansatze for
the proper vertex, are discussed in Sec. II. The sub-
tractive renormalization is described in Sec. III. Section
IV A presents results at subcritical couplings, while Sec.
IVB discusses the results for couplings above the DCSB
threshold. Conclusions and discussion are given in Sec.
V.
II. DSE AND VERTEX ANSATZE
The DSE for the renormalized fermion propagator, in
a general covariant gauge, is
8 '(p ) = Z2(p, A)[P —mo(A)] —iZ, (p, A)e
d4k p"S(k)I' (k, p) D„(q);
1 q"qD" (q)= I —q" +, I, —(, (3)q' ) 1 —II(q') q'
with ( the covariant gauge parameter. Since we will work
in the quenched approximation and the Landau gauge we
have e = ep —4vro. p and
q"q l 1D" (q) ~ Do (q) = I —q" +
q j q (4)
for the photon propagator.
A. Vertex Ansatm
here q = A: —p is the photon momentum, p is the
renormalization point, and A is a regularizing parameter
(taken here to be an ultraviolet momentum cutoff). We
write mo(A) for the regularization-parameter dependent
bare mass. In the massless theory (i.e. , in the absence of
an ECSB) the bare mass is zero, mo(A) = 0. The phys-
ical charge is e (as opposed to the bare charge ep), and
the general form for the photon propagator is
one of a set of six general requirements on the vertex: (i)
the vertex must satisfy the WTI; (ii) it should contain no
kinematic singularities; (iii) it should transform under
charge conjugation (C), parity inversion (P), and time
reversal (T) in the same way as the bare vertex, e.g. ,
c-'r„(k,p)c = —r„(—p, —k)
(where the superscript T indicates the transpose); (iv)
it should reduce to the bare vertex in the weak-coupling
limit; (v) it should ensure multiplicative renormalizabil-
ity of the DSE in Eq. (2); and (vi) the transverse part of
the vertex should be specified to ensure gauge covariance
of the DSE.
Ball and Chiu [19] have given a description of the most
general fermion-photon vertex that satisfies the WTI; it
consists of a longitudinally constrained (i.e. , "Ball-Chiu" )
part I'B&, which is a minimal solution of the WTI, and a
basis set of eight transverse vectors T,. (k, p), which span
the hyperplane specified by q„T;"(k,p) = 0, q:—k —p.
The minimal longitudinally constrained part of the vertex
is given by
The requirement of gauge invariance in @ED leads to
the Ward-Takahashi identities (WTI); the WTI for the
fermion-photon vertex is
q„r~(k, p) = s-'(k) —s-'(p),
where q = k —p [29,30]. This is a generalization of the
original differential Ward identity, which expresses the
eKect of inserting a zero-momentum photon vertex into
the fermion propagator,
(p) rv( )J lJ
In particular, it guarantees the equality of the propagator
and vertex renormalization constants, Z2 = Zq. The
Ward-Takahashi identity is easily shown to be satisfied
order by order in perturbation theory and can also be
derived nonperturbatively.
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A general vertex is then written as
I'"(k, p) = I'" (k, p) + ) r, (k, p, q )T,"(k,p), (17)
i=1
where the w, are functions which must be chosen to give
the correct C, P, and T invariance properties.
The work of Curtis and Pennington (CP) [23—26] was
mentioned above in connection with the specification of
the transverse vertex terms in order to produce gauge in-
variant and multiplicatively renormalizable solutions to
the DSE. In the framework of massless QED4, they elim-
inate four of the transverse vectors since they are Dirac
even and must generate a scalar term. By requiring that
the vertex I'"(k, p) reduce to the leading log result for
k )& p they are led to eliminate all the transverse ba-
sis vectors except T6", with a dynamic coeKcient chosen
to make the DSE multiplicatively renormalizable. This
coefBcient has the form
~s (k', p, q ) = —[A(k ) —A (p )]/d(k, p),1 (18)
(k2 p2)2 + [M2(k2) + M2(p2)]2d(k, p) = k2 ++2
They establish that multiplicative renormalizability is re-
tained up to next-to-leading-log order in the DCSB case.
Subsequent papers establish the form of the solutions for
the renormalization and the mass [25] and studied the
gauge dependence of the solutions [26]. Dong, Munczek,
and Roberts [27] subsequently showed that the lack of ex-
act gauge covariance of the solutions was due to the use
of a hard cutofF in the integral equations. The fact that
there is still some residual gauge dependence in the physi-
cal observables such as the chiral critical point shows that
with a hard cutofF the CP vertex Ansatz is not yet the
ideal choice. Dong, Munczek, and Roberts [27] derived
an Ansatz for the transverse vertex terms which satis-
fies the WTI and makes the fermion propagator gauge
covariant.
Bashir and Pennington [28] have recently described a
vertex Ansatz which makes the fermion self-energy ex-
actly gauge covariant, in the sense that the critical point
for the chiral phase transition is independent of gauge.
Their work is a continuation of that of Dong, Munczek,
and Roberts, and indeed their vertex Ansatz corresponds
to the general form suggested in [27]. However, the kine-
matic factors w2 3 6 8 are extremely complicated in form
and depend upon a pair of as yet undetermined functions
Wi 2(k, p ) which must be chosen to guarantee that the
weak-coupling limit of I'~ matches the perturbative re-
sult. Renormalization studies of the DSE using this ver-
tex Ansatz should be interesting and represent a direction
where d(k, p) is a symmetric, singularity-free function of
k and p, with the limiting behavior lim$2))„2 d(k, p) = k
[Here, A(p ) = 1/Z(p ) is their I/X(p ).] For purely
massless @ED, they find a suitable form, d(k, p) = (k
p ) /(k + p ). This is generalized to the case with a
dynamical mass M(p ), to give
for further research.
In any case, for the solutions to the fermion DSE us-
ing the CP vertex, the critical point for the chiral phase
transition has been shown to have a much weaker gauge
dependence than that for the DSE with the bare or min-
imal Ball-Chiu vertices [32]. In this work we will primar-
ily use the Curtis-Pennington Ansatz but for the sake
of comparison will also present results for the bare ver-
tex. Some solutions are also obtained with the minimal
Ball-Chiu vertex which, like the Curtis-Pennington ver-
tex, satisfies the WTI, but which does not lead to ap-
proximately gauge-invariant solutions nor multiplicative
renormaliz ability.
For each vertex Ansatz, the equations are separated
into a Dirac-odd part describing the finite propagator
renormalization A(p ), and a Dirac-even part for the
scalar self-energy, by taking 4 Tr of the DSE multiplied
by yt/p and 1, respectively. The equations are solved in
Euclidean space and so the volume integrals f d4k can be
separated into angle integrals and an integral j dk2; the
angle integrations are easy to perform analytically, yield-
ing the two equations which will be solved numerically.
III. THE SUBTRACTIVE RENORMALIZATION
S (p) = Z2(p, A) [P —mo(A)] —Z'(p, , A; p)
= P —m(v) —~(~ p)
where the (regularized) self-energy is
(20)
The subtractive renormalization of the fermion propa-
gator DSE proceeds similarly to the one-loop renormal-
ization of the propagator in @ED. (This is discussed in
[11] and in [33], p. 425fF. ) One first determines a finite,
regutarized self-energy, which depends on both a regu-
larization parameter and the renormalization point; then
one performs a subtraction at the renormalization point,
in order to define the renormalization parameters Zi, Z2,
Zs which give the full (renormalized) theory in terms of
the regularized calculation.
A review of the literature of DSEs in @ED shows, how
ever, that this step is actually never performed. Curtis
and Pennington [26], for example, define their renormal-
ization point at the UV cutofF. Miransky [5] gives a for-
mal discussion of the variation of the mass renormaliza-
tion Z (p, , A), but does not implement it numerically.
Many studies take Zi —Z2 —1 [20,22—26]; this is a
reasonable approximation in cases where the coupling o.o
is small (i.e. , ao 1.15), but if no is chosen large enough,
the value of the dynamical mass at the renormalization
point may be significantly large compared with its maxi-
mum in the infrared. For instance, in [26], figures for the
fermion mass are given with o,o ——0.97, 1.00, 1.15, and
2.00 in various gauges. For o.o ——2.00, the fermion mass
at the cutoK is down by only an order of magnitude from
its limiting value in the infrared.
Repeating the arguments from [11],one defines a regu-
larized self-energy Z'(p, A; p), leading to the DSE for the
renormalized fermion propagator:
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d4I2'(p, A; p) = iZi(p, A)e 4 Y"S(V, ; k)I' (p, ; k, p)Dp (&; (p —k)) (21)
[To avoid confusion we will follow Ref. [11] and in this
section only we will denote regularized quantities with a
prime and renormalized ones with a tilde, e.g. , Z'(p, A; p)
is the regularized self-energy depending on both the
renormalization point p and regularization parameter A
and Z(p; p) is the renormalized self-energy. ] As suggested
by the notation (i.e. , the omission of the A dependence)
renormalized quantities must become independent of the
regularization parameter as the regularization is removed
(i.e. , as A ~ oo). The self-energies are decomposed into
Dirac and scalar parts:
Z'(p,
, A; p) = Z~(p, A; p') p+ Z', (p, , A; p')
[and similarly for the renormalized quantity, K(p, p)]. By
imposing the renormalization boundary condition
IV. RESULTS
Solutions were obtained for the DSE with the Curtis-
Pennington and bare vertices, for couplings o.o from 0.1
to 1.75; solutions were also obtained for the minimal
Ball-Chiu vertex, with couplings np from 0.1 to 0.6 (for
larger couplings, the DSE with this vertex was suscep-
tible to numerical noise). In Landau gauge, the critical
coupling for the DSE with bare vertex is n, " = m/3,
the critical coupling for the Curtis-Pennington vertex is
n, = 0.933667 [32], and that for the Ball-Chiu vertex is
expected to be close to these two values. Since there are
some qualitative differences between the solutions with





one gets the relations
(22)
A. Subcritical couplings
~~,.(v; p ) = ~~,.(S A p ) —~~,.(1 A V )
for the self-energy,
Z2(p, A) = 1+ Z~(p, A; p )
for the renormalization, and




for the bare mass. In order to reproduce the case with
no ECSB mass, for a given cutoff A, one chooses m(y) =
E', (p, A; p2) so that the bare mass mp(A) is zero. The
mass renormalization constant is given by
Z (p, A) = mp(A)/m(p), (26)
i.e. , as the ratio of the bare to the renormalized mass.
The vertex renormalization Zi(p, A) is identical to
Z2(p, , A) as long as the vertex Ansatz satisfies the Ward
identity; this is how it is recovered. for multiplication into
Z'(p, A;p) in Eq. (21). It will be noticed that this is
inappropriate for the bare-vertex Ansatz since it fails to
satisfy the WTI; nonetheless, since for the bare-vertex
case there is no way to determine Zi(p, A) independently,
we will use Zq —Z~ for the sake of comparison. In the
Landau gauge for the bare vertex these will then both be
1, since in this case Z&(p, A; p ) = 0 for all p as is well
known [11].
We carry out this step of the renormalization, us-
ing the bare vertex p", the minimal Ball-Chiu vertex
of Eq. (8), and that with the Curtis-Pennington trans-
verse term added [see Eqs. (18,19)]. The equations are
again erst written in Minkowski space, and then rotated
to Euclidean space. These are then solved by iteration
&om an initial guess, with a wide range of cutoffs, and
with various renormalization points p, and renormalized
masses m(p).
Solutions for the Curtis-Pennington and bare vertex
Ansatze were obtained for values of the coupling o.o from
0.1 to 0.9. The program using the Ball-Chiu vertex was
also run, with couplings o.o from 0.1 to 0.6. For the
solutions in the subcritical range, the renormalization
point p = 100, and renormalized masses were either
m(p) = 10 or 30. Ultraviolet cutoffs were 1.0 x 10 and
1.0 x 10&s
The family of solutions for the Curtis-Pennington ver-
tex with m(p) = 10 is shown in Fig. 1. Figure 1(a) shows
the finite renormalization A(p ); note that, for the solu-
tions with bare p", we would have A(p )—:1 for all values
of the coupling. Figure 1(b) shows the masses M(p ).
Since the equations have no inherent mass scale, the
cutoff A, renormalization point p, , m(p), and units of
M(p ) or B(p ) all scale multiplicatively, and the units
are arbitrary. For instance, the solutions for any given
coupling in Fig. 1 could represent a particle with mass
10 MeV at the renormalization point p = —100 MeV,
with the units of p in MeV and those of B in MeV; or
it could represent one with units in GeV, or in electron
masses. Since in four dimensions the coupling has no
mass dimension, it would remain unchanged for all such
choices of units. This is true for all the graphs that follow.
A comparison of the solutions for the three differ-
ent vertices, for the coupling o.o —0.5, is given in
Fig. 2. As can be seen in Fig. 2(a), the finite renor-
malization A(p ) deviates less from unity in the Curtis-
Pennington case. The scalar self-energy curves B(p2),
shown in Fig. 2(b), look qualitatively similar. How-
ever, since M(p ) = B(p2)/A(p2), there are differences
both in the infrared value of mass (for which we have
Mcp & Mnc & Mb, for the same o!p) and in the asymp-
totic scaling.
The slight difference in scaling of the mass functions for
different vertex. Ansatze is shown in Fig. 3 for o,o —0.5.
Miransky has shown [5] that in Landau gauge with the
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FIG. 1. Family of DSE solutions with the Cur-
tis-Pennington vertex and subcritical couplings o.o —0.1 to
0.9. The renormalization point is p = 100, and renormalized
mass is m(IM) = 10 for all cases shown. Ultraviolet cutoffs are
1 x 10 for all cases. (a) the finite renormalizations A(p );
(b) the mass functions M(p ).
FIG. 2. Comparison of the solutions to the DSE with the
three different vertices. All solutions have the subcritical cou-
pling o;o —0.5, renormalization point p = 100, and renor-
malized mass m(IIJ) = 10. Ultraviolet cutoffs are 1 x 10 for
all cases. (a) the fiiute renormalizations A(p ); (b) the scalar
self-energy B(p )
rainbow approximation, the fermion mass scales asymp-
totically as M(p2) (p2) (~ 'i ) with the anomalous di-
mension p'(no) = 2+1 —no/(m/3). For nil —0.5, the
anomalous dimension is p' = 0.3614329, giving the power
2
——p' = 0.138567. When all the solutions are multi-
plied by (pz) 2 'i ( ), the difference in anomalous dimen-
sions shows up as a difference in slope of the mass curves
on a log-log plot. The anomalous dimensions for the
mass functions with Ball-Chiu and Curtis-Pennington
vertices are found graphically, to be approximately pB~ ——
0.35836 giving the power 2 —pep = 0.14164, and pcp ——
0.35843 giving the power 2 —pgp = 0.14157, respectively.
The small dips apparent at the end of two of these curves
are due to having a hard cutoff A = lpx2. As A is in-
creased these move to higher momenta also.
For the equations with the Curtis-Pennington vertex,
the renormalization constants Z2 and Z, and the bare
mass mo(A) were evaluated for no —0.1 through 0.9,
using cutoffs 1 x 10 and 1 x 10 and renormalization
conditions p = 100, m(p) = 10. These are presented
in Table I. Specifically for ao = 0.5, the renormalization
constants Zz(y, , A) and Z (p, A) were calculated for sev-
eral values of p, using cutoffs A = 1 x 10 and 1 x 10
These are given in Table II, and the mass renormaliza-
tions Z~ are plotted as a function of p2/A2 in Fig. 4. All



















FIG. 3. Asymptotic scaling of the mass function for the
three vertex An8atze at the subcritical coupling np = 0.5 the
functions plotted are M(p ) x (p ) & ~, where p' = 0.3614329
is the correct anomalous dimension for the bare-vertex solu-
tion at this coupling. The anomalous dimensions extracted for
the Ball-Chiu and Curtis-Pennington vertices, respectively,
are 0.35836 and 0.35843.
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TABLE I. Renormalization constants Z2(p, , A), bare
masses mp(A), and mass renormalization Z (p, A) for var-
ious subcritical couplings for the Curtis-Pennington vertex,
all with p = 100, m(p) = 10. Cutoffs A are 1 x 10 and
1 x 10
np A' Z2(y, , A)
0.1 1 x 10 0.99822798
1 x 10' 0.99982280
0.2 1 x 10 0.99931590
1 x 10 0.99931590
0.3 1 x 10 0.99851308
1 x 10' 0.99851308
0.4 1 x 10 0.99744429
1 x 10 0.99744428
0 5 1 x 10' 0.99613623
1 x 10 0.99613623
0.6 1 x 10 0.99461286
1 x 10' 0.99461286
0.7 1 x 10 0.99289572
1 x 10' 0.99289572
0.8 1 x 10 0.99100430
1 x 10 0.99100429
0.9 1 x 10 0.98895625






































B. Results above the DCSB threshold
The program using the Curtis-Pennington vertex was
run with several values of the coupling Q.p from 0.97 to
cate the mass solution for y, = 100, m(p) = 10. It can
be seen that as the value of p increases, Z2 approaches
1, and also that Z2 is almost independent of the cutoff
A, at least for A )) p. The mass renormalization also
scales asymptotically (i.e. , for sufficiently large A and p)
as Z~(p, A) oc (p /A ) i ~ ". The slight deviation from
this scaling behavior evident in Fig. 4 occurs in the region
where p is not sufIILciently large.
The solutions are extremely stable as the cutoff is var-
ied. The ultraviolet momentum cutofF is varied by six
orders of magnitude with the mass unchanged within nu-










1.75, and with several different cutofFs. In all cases the
mass and Rnite renormalization were stable with respect
to very large variations in cutofF. Typical results for the
self-energy B(p ) are given in Fig. 5. These were gen-
erated using ao —1.00, p = 100, and m(p) = 10 (in
arbitrary units). In both graphs, the cutoff is stepped
by factors of 100 over eight orders of magnitude, and
again the variation in the solutions is of the order of the
tolerance of the calculation.
The bare-vertex DSE was run with couplings o.p
1.15, 1.5, and 1.75 for comparison to the Curtis-
Pennington solutions. A comparison of typical mass
curves is given in Fig. 6. Here the mass functions are
compared directly since for the bare vertex the scalar
self-energy is exactly the mass.
An unexpected feature of the equations (for supercrit-
ical couplings only) is that for any set (o.o, p, m(p, )), as
the cutofF is increased there is a small region where the
dynamical mass becomes negative. This behavior was
verified to be insensitive to the number of grid points, and
was stable as the cutoff was increased above the region
I"IG. 4. The mass renormalization Z as a function of
p /A, for the subcritical coupling op = 0.5. Bare masses
for all solutions were chosen to give mass m(p ) = 10 at
p = 100. Boxes, , connected by solid lines, are results
with cuto6' A = 1 x 10; pluses, +, connected by dashed
lines, are results with A = 1 x 10 . Data are given in Table
II.
TABLE II. Renormalization constants Z2 and Z for several different ratios p /A; all solutions
are for the subcritical coupling 0;0 = 0.5 for the Curtis-Pennington vertex, with renormalized masses




















































































FIG. 5. The scalar self-energy B(p ), for supercritical cou-
pling a.p —1.00 for the Curtis-Pennington vertex. Renormal-
ization point is p, = 100, with renormalized mass m(p) = 10.
The cutoK is stepped by factors of 100 over eight orders of
magnitude. Note that the mass curves all coincide. Above
p = 2 x 10", the mass curves are negative, but the maxi-
mum negative excursion is —2.4 x 10
FIG. 7. Zero crossings in the self-energy B(p ). The case
shown has ere —1.75, p, = 1 x 10, and m(p) = 500. Note
that there are taboo zero crossings, and that the function ap-
proaches zero from above as p —+ oo. Note also that the
negative peak is typically small compared with B(0), m(p, ),
and p
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TABLE III. Renormalization constants Z2 (p, A), bare
masses me(p, , A), and mass renormalizations Z (p, A) for the
supercritical coupling np = 1.15 for the Curtis-Pennington
vertex. All solutions are renormalized with p = 1 x 10,
m(p) = 400; the cutoff is stepped from 1 x 10 to 1 x 10
FIG. 6. Mass functions for the supercritical coupling
0!p = 1.15 with both the bare and Curtis-Pennington vertices.
The renormalization point is p = 1 x 10, and m, (p) = 400.
of the negative self-mass, so it seems to be a real effect.
The significance of this for QED is not completely un-
derstood. One possibility is that it may signal the failure
of multiplicative renormalizability for the model DSE, in
which case further refinements of the vertex Ansatz may
be called for. It should be emphasized that this nega-
tive dip in the scalar self-energy is very small unless the
coupling 0.0 approaches 2. For instance, for 0.0 —1.00,
the negative peak was 2.4 x 10 times the size of
the renormalized mass. Specifically, we found that for
p2 = 100, m(p) = 10, the values are B(0) = 10.745,
B(1.634 x 10iz) = —0.00024; for the case with no —1.75,
p = 1 x 10, m(p) = 500, the values are B(0) = 531.8,
B(3.338 x 10 ) = —28.3. An example is shown for
no —1.75, p, = 1 x 10, m(p) = 500 in Fig. 7.
There is no apparent scaling behavior for the mass
renormalization Z in the supercritical case. The renor-
malization constant Z2(p, , A) remains finite and well be-
haved with increasing A as expected in the Landau
gauge. Typical values, using 0.0 —1.15 and the Curtis-
Pennington vertex, are given in Table III. From the
results in this table and from Eqs. (25,26) we see that
Z', (p, A; p) first increases beyond m(p) as A increases so
that mo(A) goes negative. As A is further increased the
last line of this table indicates that E', then begins to
decrease.





























We iia, ve described preliminary results in a study of
four-dimensional quenched QED, with subtractive renor-
malization perforrried numerically, during the calcula-
tion. We believe that this is the first calculation of its
kind, and the technique described here will be applicable
elsewhere (e.g. , also in QCD), whenever numerical renor-
malization is required. The importance of this approach
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is that it allows studies using diferent regularization pro-
cedures (e.g. , various soft versus hard momentum cutofFs)
and/or difFerent cutoffs to be meaningfully compared
at the same renormalization point. This includes also
comparisons with results from lattice studies of QED,
which should prove useful in providing further guidance
in the choice of reasonable Ansatze for the vertex and
photon propagator. Without renormalization only the
unrenormalized, regulated quantities would be obtained
and any such comparisons would be meaningless. In ad-
dition, in order to study the nonperturbative behavior
of renormalization constants such as Zq(p, A), Z2(p, A),
and Z (p, A) they must be numerically extracted and so
a method such as that described here would be essential.
The Curtis-Pennington vertex has been the primary
focus of this study, since it has the desirable properties
of making the solutions approximately gauge invariant
and also multiplicatively renormalizable up to next-to-
leading-log order. Solutions have been obtained for com-
parison purposes, using the minimal Ball-Chiu vertex and
using the bare-vertex Ansatze (with Zq —Z2). For the
Ball-Chiu vertex, couplings in the range from o.o —0.1 to
0.6 were used, while couplings up to o.o —1.75 were used
with both the bare and the Curtis-Pennington vertices.
Various renormalization points and renormalized masses
were studied.
The subtractive renormalization procedure is straight-
forward to implement. The solutions are stable and
the renormalized quantities become independent of reg-
ularization as the regularization is removed, which is
as expected. For example, the mass function M(p2)
and momentum-dependent renormalization Z(p ) are un-
changed to within the numerical accuracy of the com-
putation as the integration cutoK is increased by many
orders of magnitude. For the range of couplings o.o
considered, the values of the renormalization constant
Zz(p, A) = Zz(p, A) are never very far from I and vary
relatively weakly with the choice of renormalized mass
and cuto8' as expected in Landau gauge. The mass renor-
malization constant Z (p, A) converges with increasing
A because the mass function M(p ) falls to zero su%-
ciently rapidly at large p . This is a purely nonpertur-
bative result and is in sharp contrast to the perturbative
case where this constant diverges. For subcritical cou-
plings, using the Curtis-Pennington vertex, we also find
that the mass renormalization Z (p, A) scales approxi-
mately as Z (p, A) oc (p2/A2)&~ 'r ( ')&, where, e.g. ,
pep(0. 5) = 0.358.
In order to study the critical point and exponents for
the transition to DCSB, one would. still solve the homo-
geneous integral equations, i.e. , m(p) would be chosen
to give mp(A) = 0. The difference between the un-
renormalized and renormalized DSE is the multiplica-
tion by Z2(p, A), which can lead to differences in the
critical behavior. For example, for the bare vertex with
Zi —Z2 —1, we should find the same critical points and
exponents as found by Miransky [5]. The critical point
for the Curtis-Pennington vertex would remain the same
as that found in [26], but the critical exponent would be
expected to change due to the variation of Z2 with no.
Extensions of this work to include other gauges, other
regularization schemes (e.g. , soft cutofFs), studies of the
critical behavior, and extraction of the critical exponents,
as well as vertices of the Bashir-Pennington type are un-
derway [34].
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We present results from a study of subtractive renormalization of the fermion propagator Dyson-
Schwinger equation (DSE) in massive strong-coupling quenched four-dimensional QED. The results
are compared for three difFerent fermion-photon proper vertex An80tze: bare p, minimal Ball-Chiu,
and Curtis-Pennington Anscitze. The procedure is straightforward to implement and numerically
stable. This is the first study in which this technique is used and it should prove useful in future
DSE studies, whenever renormalization is required in numerical work.
PACS number(s): 11.30.Rd, 11.30.Qc, 12.20.Ds
I. INTRODUCTION
Strong-coupling QED in three space and one time di-
mension has been studied within the Dyson-Schwinger
equation (DSE) forinalism for some time [1—3], in order to
see whether there may be a phase transition to a nontriv-
ial "local" theory at high momenta [2,4—6], as a model for
dynamical chiral-symmetry-breaking (DCSB) in walk-
ing technicolor theories [7,8], and also as an abelianized
model for nonperturbative phenomena in QCD [9,10].
For a recent review of Dyson-Schwinger equations and
their application see Ref. [11]. The usual approach is to
write the DSE for the fermion propagator or self-energy,
possibly including equations for the photon vacuum po-
larization [12,13] or the fermion-photon proper vertex
[1]. An Ansatz is made for the undefined Green's func-
tions that contain the infinite continuation of the tower
of DSE's. The resulting nonlinear integral equations are
solved numerically in Euclidean space [14] by iteration.
DCSB occurs when the fermion propagator develops a
nonzero scalar self-energy in the absence of an explicit
chiral-symmetry-breaking (ECSB) fermion mass. We re-
fer to coupling constants strong enough to induce DCSB
as supercritical and those weaker are called subcritical.
We write the fermion propagator as
Z(p2) 1
P —M(p') A(p') & —B(p') '
with Z(p2) the finite momentum-dependent fermion
renormalization, and B(p2) the scalar self-energy. In the
massless theory (i.e. , in the absence of an ECSB bare elec-
tron mass) by definition DCSB occurs when B(p2) g 0.
Note that A(p ) = 1/Z(p ) and M(p ):—B(p )/A(p ).
Many studies, even until quite recently, have used the
bare vertex as an Ansatz for the one-particle irreducible
(1PI) vertex I'"(k, p) [2,4,5,8,9,12,13,15], despite the fact
that this violates the Ward-Takahashi identity (WTI)
[16]. It is also common, especially in studies motivated
by walking technicolor theories [7], to find vertex Ansatze
which claim to solve the WTI, but which still possess
kinematic singularities in the limit of zero photon mo-
mentum q = (k —p)2 -+ 0 [17,18]. With any of these
Ansatze, the resulting fermion propagator is not gauge
covariant, i.e., physical quantities such as the critical cou-
pling for dynamical symmetry breaking, or the mass it-
self, are gauge dependent [17]. A general form for I'"(l'c, p)
which does satisfy the Ward identity was given by Ball
and Chiu in 1980 [19]; it consists of a minimal longitu-
dinally constrained term which satisfies the WTI, and a
set of tensors spanning the subspace transverse to the
photon momentum q.
Although the WTI is necessary for gauge invariance, it
is not a sufBcient condition; further, with many of these
vertex Ansatze the fermion propagator DSE is not mul-
tiplicatively renormalizable, which is equivalent to say-
ing that overlapping logarithms are present. There has
been much recent research on the use of the transverse
parts of the vertex to ensure both gauge covariant and
multiplicatively renormalizable solutions [20—28], some of
which will be discussed below.
What is common to essentially all of the studies so far
is that the fermion propagator is not in practice subtrac-
tively renormalized. Most of these studies have assumed
an initially massless theory and have renormalized at the
ultraviolet cuto8' of the integrations, taking Zi —Z2 —1.
Where a nonzero bare mass has been used [6,12], it has
simply been added to the scalar term in the propagator.
Although there have been formal discussions of the renor-
malization [5,6,23,26], the important step of subtractive
renormalization has not been performed.
We describe here the results of a study of subtractive
renormalization in the fermion DSE, in quenched strong-
coupling four-dimensional QED (QED4). (In the con-
text of this study of QED, the term "quenched" means
that the bare photon propagator is used in the fermion
self-energy DSE, so that Z3 —1. Virtual fermion loops
may still be present, however, within the vertex correc-
tions. ) We believe this is the first calculation in which
the subtraction is performed numerically as the inte-
0556-2821/95/51(6)/3081(9)/$06. 00 51 3081 1995 The American Physical Society
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gral equations are being iterated. This new technique
should prove useful in other DSE studies. Results are ob-
tained for DSE with three diferent vertices: the bare p~,
the minimal Ball-Chiu vertex form [19], and the Curtis-
Pennington vertex [23—26].
Organization of the paper is as follows. The DSE for
the renormalized fermion propagator, and Ansatze for
the proper vertex, are discussed in Sec. II. The sub-
tractive renormalization is described in Sec. III. Section
IV A presents results at subcritical couplings, while Sec.
IVB discusses the results for couplings above the DCSB
threshold. Conclusions and discussion are given in Sec.
V.
II. DSE AND VERTEX ANSATZE
The DSE for the renormalized fermion propagator, in
a general covariant gauge, is
8 '(p ) = Z2(p, A)[P —mo(A)] —iZ, (p, A)e
d4k p"S(k)I' (k, p) D„(q);
1 q"qD" (q)= I —q" +, I, —(, (3)q' ) 1 —II(q') q'
with ( the covariant gauge parameter. Since we will work
in the quenched approximation and the Landau gauge we
have e = ep —4vro. p and
q"q l 1D" (q) ~ Do (q) = I —q" +
q j q (4)
for the photon propagator.
A. Vertex Ansatm
here q = A: —p is the photon momentum, p is the
renormalization point, and A is a regularizing parameter
(taken here to be an ultraviolet momentum cutoff). We
write mo(A) for the regularization-parameter dependent
bare mass. In the massless theory (i.e. , in the absence of
an ECSB) the bare mass is zero, mo(A) = 0. The phys-
ical charge is e (as opposed to the bare charge ep), and
the general form for the photon propagator is
one of a set of six general requirements on the vertex: (i)
the vertex must satisfy the WTI; (ii) it should contain no
kinematic singularities; (iii) it should transform under
charge conjugation (C), parity inversion (P), and time
reversal (T) in the same way as the bare vertex, e.g. ,
c-'r„(k,p)c = —r„(—p, —k)
(where the superscript T indicates the transpose); (iv)
it should reduce to the bare vertex in the weak-coupling
limit; (v) it should ensure multiplicative renormalizabil-
ity of the DSE in Eq. (2); and (vi) the transverse part of
the vertex should be specified to ensure gauge covariance
of the DSE.
Ball and Chiu [19] have given a description of the most
general fermion-photon vertex that satisfies the WTI; it
consists of a longitudinally constrained (i.e. , "Ball-Chiu" )
part I'B&, which is a minimal solution of the WTI, and a
basis set of eight transverse vectors T,. (k, p), which span
the hyperplane specified by q„T;"(k,p) = 0, q:—k —p.
The minimal longitudinally constrained part of the vertex
is given by
The requirement of gauge invariance in @ED leads to
the Ward-Takahashi identities (WTI); the WTI for the
fermion-photon vertex is
q„r~(k, p) = s-'(k) —s-'(p),
where q = k —p [29,30]. This is a generalization of the
original differential Ward identity, which expresses the
eKect of inserting a zero-momentum photon vertex into
the fermion propagator,
(p) rv( )J lJ
In particular, it guarantees the equality of the propagator
and vertex renormalization constants, Z2 = Zq. The
Ward-Takahashi identity is easily shown to be satisfied
order by order in perturbation theory and can also be
derived nonperturbatively.













~"(k' - p') —(k+ p)" 4,
k2 p2 4"(/+ N) —(k+ p) "]
+(k+ p)"p k"a„&,
p"p"k a),„—p" g —k" yf.
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A general vertex is then written as
I'"(k, p) = I'" (k, p) + ) r, (k, p, q )T,"(k,p), (17)
i=1
where the w, are functions which must be chosen to give
the correct C, P, and T invariance properties.
The work of Curtis and Pennington (CP) [23—26] was
mentioned above in connection with the specification of
the transverse vertex terms in order to produce gauge in-
variant and multiplicatively renormalizable solutions to
the DSE. In the framework of massless QED4, they elim-
inate four of the transverse vectors since they are Dirac
even and must generate a scalar term. By requiring that
the vertex I'"(k, p) reduce to the leading log result for
k )& p they are led to eliminate all the transverse ba-
sis vectors except T6", with a dynamic coeKcient chosen
to make the DSE multiplicatively renormalizable. This
coefBcient has the form
~s (k', p, q ) = —[A(k ) —A (p )]/d(k, p),1 (18)
(k2 p2)2 + [M2(k2) + M2(p2)]2d(k, p) = k2 ++2
They establish that multiplicative renormalizability is re-
tained up to next-to-leading-log order in the DCSB case.
Subsequent papers establish the form of the solutions for
the renormalization and the mass [25] and studied the
gauge dependence of the solutions [26]. Dong, Munczek,
and Roberts [27] subsequently showed that the lack of ex-
act gauge covariance of the solutions was due to the use
of a hard cutofF in the integral equations. The fact that
there is still some residual gauge dependence in the physi-
cal observables such as the chiral critical point shows that
with a hard cutofF the CP vertex Ansatz is not yet the
ideal choice. Dong, Munczek, and Roberts [27] derived
an Ansatz for the transverse vertex terms which satis-
fies the WTI and makes the fermion propagator gauge
covariant.
Bashir and Pennington [28] have recently described a
vertex Ansatz which makes the fermion self-energy ex-
actly gauge covariant, in the sense that the critical point
for the chiral phase transition is independent of gauge.
Their work is a continuation of that of Dong, Munczek,
and Roberts, and indeed their vertex Ansatz corresponds
to the general form suggested in [27]. However, the kine-
matic factors w2 3 6 8 are extremely complicated in form
and depend upon a pair of as yet undetermined functions
Wi 2(k, p ) which must be chosen to guarantee that the
weak-coupling limit of I'~ matches the perturbative re-
sult. Renormalization studies of the DSE using this ver-
tex Ansatz should be interesting and represent a direction
where d(k, p) is a symmetric, singularity-free function of
k and p, with the limiting behavior lim$2))„2 d(k, p) = k
[Here, A(p ) = 1/Z(p ) is their I/X(p ).] For purely
massless @ED, they find a suitable form, d(k, p) = (k
p ) /(k + p ). This is generalized to the case with a
dynamical mass M(p ), to give
for further research.
In any case, for the solutions to the fermion DSE us-
ing the CP vertex, the critical point for the chiral phase
transition has been shown to have a much weaker gauge
dependence than that for the DSE with the bare or min-
imal Ball-Chiu vertices [32]. In this work we will primar-
ily use the Curtis-Pennington Ansatz but for the sake
of comparison will also present results for the bare ver-
tex. Some solutions are also obtained with the minimal
Ball-Chiu vertex which, like the Curtis-Pennington ver-
tex, satisfies the WTI, but which does not lead to ap-
proximately gauge-invariant solutions nor multiplicative
renormaliz ability.
For each vertex Ansatz, the equations are separated
into a Dirac-odd part describing the finite propagator
renormalization A(p ), and a Dirac-even part for the
scalar self-energy, by taking 4 Tr of the DSE multiplied
by yt/p and 1, respectively. The equations are solved in
Euclidean space and so the volume integrals f d4k can be
separated into angle integrals and an integral j dk2; the
angle integrations are easy to perform analytically, yield-
ing the two equations which will be solved numerically.
III. THE SUBTRACTIVE RENORMALIZATION
S (p) = Z2(p, A) [P —mo(A)] —Z'(p, , A; p)
= P —m(v) —~(~ p)
where the (regularized) self-energy is
(20)
The subtractive renormalization of the fermion propa-
gator DSE proceeds similarly to the one-loop renormal-
ization of the propagator in @ED. (This is discussed in
[11] and in [33], p. 425fF. ) One first determines a finite,
regutarized self-energy, which depends on both a regu-
larization parameter and the renormalization point; then
one performs a subtraction at the renormalization point,
in order to define the renormalization parameters Zi, Z2,
Zs which give the full (renormalized) theory in terms of
the regularized calculation.
A review of the literature of DSEs in @ED shows, how
ever, that this step is actually never performed. Curtis
and Pennington [26], for example, define their renormal-
ization point at the UV cutofF. Miransky [5] gives a for-
mal discussion of the variation of the mass renormaliza-
tion Z (p, , A), but does not implement it numerically.
Many studies take Zi —Z2 —1 [20,22—26]; this is a
reasonable approximation in cases where the coupling o.o
is small (i.e. , ao 1.15), but if no is chosen large enough,
the value of the dynamical mass at the renormalization
point may be significantly large compared with its maxi-
mum in the infrared. For instance, in [26], figures for the
fermion mass are given with o,o ——0.97, 1.00, 1.15, and
2.00 in various gauges. For o.o ——2.00, the fermion mass
at the cutoK is down by only an order of magnitude from
its limiting value in the infrared.
Repeating the arguments from [11],one defines a regu-
larized self-energy Z'(p, A; p), leading to the DSE for the
renormalized fermion propagator:
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d4I2'(p, A; p) = iZi(p, A)e 4 Y"S(V, ; k)I' (p, ; k, p)Dp (&; (p —k)) (21)
[To avoid confusion we will follow Ref. [11] and in this
section only we will denote regularized quantities with a
prime and renormalized ones with a tilde, e.g. , Z'(p, A; p)
is the regularized self-energy depending on both the
renormalization point p and regularization parameter A
and Z(p; p) is the renormalized self-energy. ] As suggested
by the notation (i.e. , the omission of the A dependence)
renormalized quantities must become independent of the
regularization parameter as the regularization is removed
(i.e. , as A ~ oo). The self-energies are decomposed into
Dirac and scalar parts:
Z'(p,
, A; p) = Z~(p, A; p') p+ Z', (p, , A; p')
[and similarly for the renormalized quantity, K(p, p)]. By
imposing the renormalization boundary condition
IV. RESULTS
Solutions were obtained for the DSE with the Curtis-
Pennington and bare vertices, for couplings o.o from 0.1
to 1.75; solutions were also obtained for the minimal
Ball-Chiu vertex, with couplings np from 0.1 to 0.6 (for
larger couplings, the DSE with this vertex was suscep-
tible to numerical noise). In Landau gauge, the critical
coupling for the DSE with bare vertex is n, " = m/3,
the critical coupling for the Curtis-Pennington vertex is
n, = 0.933667 [32], and that for the Ball-Chiu vertex is
expected to be close to these two values. Since there are
some qualitative differences between the solutions with





one gets the relations
(22)
A. Subcritical couplings
~~,.(v; p ) = ~~,.(S A p ) —~~,.(1 A V )
for the self-energy,
Z2(p, A) = 1+ Z~(p, A; p )
for the renormalization, and




for the bare mass. In order to reproduce the case with
no ECSB mass, for a given cutoff A, one chooses m(y) =
E', (p, A; p2) so that the bare mass mp(A) is zero. The
mass renormalization constant is given by
Z (p, A) = mp(A)/m(p), (26)
i.e. , as the ratio of the bare to the renormalized mass.
The vertex renormalization Zi(p, A) is identical to
Z2(p, , A) as long as the vertex Ansatz satisfies the Ward
identity; this is how it is recovered. for multiplication into
Z'(p, A;p) in Eq. (21). It will be noticed that this is
inappropriate for the bare-vertex Ansatz since it fails to
satisfy the WTI; nonetheless, since for the bare-vertex
case there is no way to determine Zi(p, A) independently,
we will use Zq —Z~ for the sake of comparison. In the
Landau gauge for the bare vertex these will then both be
1, since in this case Z&(p, A; p ) = 0 for all p as is well
known [11].
We carry out this step of the renormalization, us-
ing the bare vertex p", the minimal Ball-Chiu vertex
of Eq. (8), and that with the Curtis-Pennington trans-
verse term added [see Eqs. (18,19)]. The equations are
again erst written in Minkowski space, and then rotated
to Euclidean space. These are then solved by iteration
&om an initial guess, with a wide range of cutoffs, and
with various renormalization points p, and renormalized
masses m(p).
Solutions for the Curtis-Pennington and bare vertex
Ansatze were obtained for values of the coupling o.o from
0.1 to 0.9. The program using the Ball-Chiu vertex was
also run, with couplings o.o from 0.1 to 0.6. For the
solutions in the subcritical range, the renormalization
point p = 100, and renormalized masses were either
m(p) = 10 or 30. Ultraviolet cutoffs were 1.0 x 10 and
1.0 x 10&s
The family of solutions for the Curtis-Pennington ver-
tex with m(p) = 10 is shown in Fig. 1. Figure 1(a) shows
the finite renormalization A(p ); note that, for the solu-
tions with bare p", we would have A(p )—:1 for all values
of the coupling. Figure 1(b) shows the masses M(p ).
Since the equations have no inherent mass scale, the
cutoff A, renormalization point p, , m(p), and units of
M(p ) or B(p ) all scale multiplicatively, and the units
are arbitrary. For instance, the solutions for any given
coupling in Fig. 1 could represent a particle with mass
10 MeV at the renormalization point p = —100 MeV,
with the units of p in MeV and those of B in MeV; or
it could represent one with units in GeV, or in electron
masses. Since in four dimensions the coupling has no
mass dimension, it would remain unchanged for all such
choices of units. This is true for all the graphs that follow.
A comparison of the solutions for the three differ-
ent vertices, for the coupling o.o —0.5, is given in
Fig. 2. As can be seen in Fig. 2(a), the finite renor-
malization A(p ) deviates less from unity in the Curtis-
Pennington case. The scalar self-energy curves B(p2),
shown in Fig. 2(b), look qualitatively similar. How-
ever, since M(p ) = B(p2)/A(p2), there are differences
both in the infrared value of mass (for which we have
Mcp & Mnc & Mb, for the same o!p) and in the asymp-
totic scaling.
The slight difference in scaling of the mass functions for
different vertex. Ansatze is shown in Fig. 3 for o,o —0.5.
Miransky has shown [5] that in Landau gauge with the
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FIG. 1. Family of DSE solutions with the Cur-
tis-Pennington vertex and subcritical couplings o.o —0.1 to
0.9. The renormalization point is p = 100, and renormalized
mass is m(IM) = 10 for all cases shown. Ultraviolet cutoffs are
1 x 10 for all cases. (a) the finite renormalizations A(p );
(b) the mass functions M(p ).
FIG. 2. Comparison of the solutions to the DSE with the
three different vertices. All solutions have the subcritical cou-
pling o;o —0.5, renormalization point p = 100, and renor-
malized mass m(IIJ) = 10. Ultraviolet cutoffs are 1 x 10 for
all cases. (a) the fiiute renormalizations A(p ); (b) the scalar
self-energy B(p )
rainbow approximation, the fermion mass scales asymp-
totically as M(p2) (p2) (~ 'i ) with the anomalous di-
mension p'(no) = 2+1 —no/(m/3). For nil —0.5, the
anomalous dimension is p' = 0.3614329, giving the power
2
——p' = 0.138567. When all the solutions are multi-
plied by (pz) 2 'i ( ), the difference in anomalous dimen-
sions shows up as a difference in slope of the mass curves
on a log-log plot. The anomalous dimensions for the
mass functions with Ball-Chiu and Curtis-Pennington
vertices are found graphically, to be approximately pB~ ——
0.35836 giving the power 2 —pep = 0.14164, and pcp ——
0.35843 giving the power 2 —pgp = 0.14157, respectively.
The small dips apparent at the end of two of these curves
are due to having a hard cutoff A = lpx2. As A is in-
creased these move to higher momenta also.
For the equations with the Curtis-Pennington vertex,
the renormalization constants Z2 and Z, and the bare
mass mo(A) were evaluated for no —0.1 through 0.9,
using cutoffs 1 x 10 and 1 x 10 and renormalization
conditions p = 100, m(p) = 10. These are presented
in Table I. Specifically for ao = 0.5, the renormalization
constants Zz(y, , A) and Z (p, A) were calculated for sev-
eral values of p, using cutoffs A = 1 x 10 and 1 x 10
These are given in Table II, and the mass renormaliza-
tions Z~ are plotted as a function of p2/A2 in Fig. 4. All



















FIG. 3. Asymptotic scaling of the mass function for the
three vertex An8atze at the subcritical coupling np = 0.5 the
functions plotted are M(p ) x (p ) & ~, where p' = 0.3614329
is the correct anomalous dimension for the bare-vertex solu-
tion at this coupling. The anomalous dimensions extracted for
the Ball-Chiu and Curtis-Pennington vertices, respectively,
are 0.35836 and 0.35843.
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TABLE I. Renormalization constants Z2(p, , A), bare
masses mp(A), and mass renormalization Z (p, A) for var-
ious subcritical couplings for the Curtis-Pennington vertex,
all with p = 100, m(p) = 10. Cutoffs A are 1 x 10 and
1 x 10
np A' Z2(y, , A)
0.1 1 x 10 0.99822798
1 x 10' 0.99982280
0.2 1 x 10 0.99931590
1 x 10 0.99931590
0.3 1 x 10 0.99851308
1 x 10' 0.99851308
0.4 1 x 10 0.99744429
1 x 10 0.99744428
0 5 1 x 10' 0.99613623
1 x 10 0.99613623
0.6 1 x 10 0.99461286
1 x 10' 0.99461286
0.7 1 x 10 0.99289572
1 x 10' 0.99289572
0.8 1 x 10 0.99100430
1 x 10 0.99100429
0.9 1 x 10 0.98895625






































B. Results above the DCSB threshold
The program using the Curtis-Pennington vertex was
run with several values of the coupling Q.p from 0.97 to
cate the mass solution for y, = 100, m(p) = 10. It can
be seen that as the value of p increases, Z2 approaches
1, and also that Z2 is almost independent of the cutoff
A, at least for A )) p. The mass renormalization also
scales asymptotically (i.e. , for sufficiently large A and p)
as Z~(p, A) oc (p /A ) i ~ ". The slight deviation from
this scaling behavior evident in Fig. 4 occurs in the region
where p is not sufIILciently large.
The solutions are extremely stable as the cutoff is var-
ied. The ultraviolet momentum cutofF is varied by six
orders of magnitude with the mass unchanged within nu-










1.75, and with several different cutofFs. In all cases the
mass and Rnite renormalization were stable with respect
to very large variations in cutofF. Typical results for the
self-energy B(p ) are given in Fig. 5. These were gen-
erated using ao —1.00, p = 100, and m(p) = 10 (in
arbitrary units). In both graphs, the cutoff is stepped
by factors of 100 over eight orders of magnitude, and
again the variation in the solutions is of the order of the
tolerance of the calculation.
The bare-vertex DSE was run with couplings o.p
1.15, 1.5, and 1.75 for comparison to the Curtis-
Pennington solutions. A comparison of typical mass
curves is given in Fig. 6. Here the mass functions are
compared directly since for the bare vertex the scalar
self-energy is exactly the mass.
An unexpected feature of the equations (for supercrit-
ical couplings only) is that for any set (o.o, p, m(p, )), as
the cutofF is increased there is a small region where the
dynamical mass becomes negative. This behavior was
verified to be insensitive to the number of grid points, and
was stable as the cutoff was increased above the region
I"IG. 4. The mass renormalization Z as a function of
p /A, for the subcritical coupling op = 0.5. Bare masses
for all solutions were chosen to give mass m(p ) = 10 at
p = 100. Boxes, , connected by solid lines, are results
with cuto6' A = 1 x 10; pluses, +, connected by dashed
lines, are results with A = 1 x 10 . Data are given in Table
II.
TABLE II. Renormalization constants Z2 and Z for several different ratios p /A; all solutions
are for the subcritical coupling 0;0 = 0.5 for the Curtis-Pennington vertex, with renormalized masses




















































































FIG. 5. The scalar self-energy B(p ), for supercritical cou-
pling a.p —1.00 for the Curtis-Pennington vertex. Renormal-
ization point is p, = 100, with renormalized mass m(p) = 10.
The cutoK is stepped by factors of 100 over eight orders of
magnitude. Note that the mass curves all coincide. Above
p = 2 x 10", the mass curves are negative, but the maxi-
mum negative excursion is —2.4 x 10
FIG. 7. Zero crossings in the self-energy B(p ). The case
shown has ere —1.75, p, = 1 x 10, and m(p) = 500. Note
that there are taboo zero crossings, and that the function ap-
proaches zero from above as p —+ oo. Note also that the
negative peak is typically small compared with B(0), m(p, ),
and p
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TABLE III. Renormalization constants Z2 (p, A), bare
masses me(p, , A), and mass renormalizations Z (p, A) for the
supercritical coupling np = 1.15 for the Curtis-Pennington
vertex. All solutions are renormalized with p = 1 x 10,
m(p) = 400; the cutoff is stepped from 1 x 10 to 1 x 10
FIG. 6. Mass functions for the supercritical coupling
0!p = 1.15 with both the bare and Curtis-Pennington vertices.
The renormalization point is p = 1 x 10, and m, (p) = 400.
of the negative self-mass, so it seems to be a real effect.
The significance of this for QED is not completely un-
derstood. One possibility is that it may signal the failure
of multiplicative renormalizability for the model DSE, in
which case further refinements of the vertex Ansatz may
be called for. It should be emphasized that this nega-
tive dip in the scalar self-energy is very small unless the
coupling 0.0 approaches 2. For instance, for 0.0 —1.00,
the negative peak was 2.4 x 10 times the size of
the renormalized mass. Specifically, we found that for
p2 = 100, m(p) = 10, the values are B(0) = 10.745,
B(1.634 x 10iz) = —0.00024; for the case with no —1.75,
p = 1 x 10, m(p) = 500, the values are B(0) = 531.8,
B(3.338 x 10 ) = —28.3. An example is shown for
no —1.75, p, = 1 x 10, m(p) = 500 in Fig. 7.
There is no apparent scaling behavior for the mass
renormalization Z in the supercritical case. The renor-
malization constant Z2(p, , A) remains finite and well be-
haved with increasing A as expected in the Landau
gauge. Typical values, using 0.0 —1.15 and the Curtis-
Pennington vertex, are given in Table III. From the
results in this table and from Eqs. (25,26) we see that
Z', (p, A; p) first increases beyond m(p) as A increases so
that mo(A) goes negative. As A is further increased the
last line of this table indicates that E', then begins to
decrease.





























We iia, ve described preliminary results in a study of
four-dimensional quenched QED, with subtractive renor-
malization perforrried numerically, during the calcula-
tion. We believe that this is the first calculation of its
kind, and the technique described here will be applicable
elsewhere (e.g. , also in QCD), whenever numerical renor-
malization is required. The importance of this approach
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is that it allows studies using diferent regularization pro-
cedures (e.g. , various soft versus hard momentum cutofFs)
and/or difFerent cutoffs to be meaningfully compared
at the same renormalization point. This includes also
comparisons with results from lattice studies of QED,
which should prove useful in providing further guidance
in the choice of reasonable Ansatze for the vertex and
photon propagator. Without renormalization only the
unrenormalized, regulated quantities would be obtained
and any such comparisons would be meaningless. In ad-
dition, in order to study the nonperturbative behavior
of renormalization constants such as Zq(p, A), Z2(p, A),
and Z (p, A) they must be numerically extracted and so
a method such as that described here would be essential.
The Curtis-Pennington vertex has been the primary
focus of this study, since it has the desirable properties
of making the solutions approximately gauge invariant
and also multiplicatively renormalizable up to next-to-
leading-log order. Solutions have been obtained for com-
parison purposes, using the minimal Ball-Chiu vertex and
using the bare-vertex Ansatze (with Zq —Z2). For the
Ball-Chiu vertex, couplings in the range from o.o —0.1 to
0.6 were used, while couplings up to o.o —1.75 were used
with both the bare and the Curtis-Pennington vertices.
Various renormalization points and renormalized masses
were studied.
The subtractive renormalization procedure is straight-
forward to implement. The solutions are stable and
the renormalized quantities become independent of reg-
ularization as the regularization is removed, which is
as expected. For example, the mass function M(p2)
and momentum-dependent renormalization Z(p ) are un-
changed to within the numerical accuracy of the com-
putation as the integration cutoK is increased by many
orders of magnitude. For the range of couplings o.o
considered, the values of the renormalization constant
Zz(p, A) = Zz(p, A) are never very far from I and vary
relatively weakly with the choice of renormalized mass
and cuto8' as expected in Landau gauge. The mass renor-
malization constant Z (p, A) converges with increasing
A because the mass function M(p ) falls to zero su%-
ciently rapidly at large p . This is a purely nonpertur-
bative result and is in sharp contrast to the perturbative
case where this constant diverges. For subcritical cou-
plings, using the Curtis-Pennington vertex, we also find
that the mass renormalization Z (p, A) scales approxi-
mately as Z (p, A) oc (p2/A2)&~ 'r ( ')&, where, e.g. ,
pep(0. 5) = 0.358.
In order to study the critical point and exponents for
the transition to DCSB, one would. still solve the homo-
geneous integral equations, i.e. , m(p) would be chosen
to give mp(A) = 0. The difference between the un-
renormalized and renormalized DSE is the multiplica-
tion by Z2(p, A), which can lead to differences in the
critical behavior. For example, for the bare vertex with
Zi —Z2 —1, we should find the same critical points and
exponents as found by Miransky [5]. The critical point
for the Curtis-Pennington vertex would remain the same
as that found in [26], but the critical exponent would be
expected to change due to the variation of Z2 with no.
Extensions of this work to include other gauges, other
regularization schemes (e.g. , soft cutofFs), studies of the
critical behavior, and extraction of the critical exponents,
as well as vertices of the Bashir-Pennington type are un-
derway [34].
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